The po ssib ility of selec tive harmonic excitatio n in a one-d im ensional p lasma that obeys tile Vlasov equation is di sc u ssed. E lec tron beam s, co llim ated in ve locity s pa ce, are used for this purpose. Condi· ti ons o n the velocity distribution fun ction to ach ie ve selective e xc itation are g ive n. Th e ve loc ity di s· tribution fun c ti on is expanded in Gram·Cha rli e r se ries and the expan s ion coe ffi c ie nt s a re give n. Bound s on trun ca ti on e rrors of th e expan s ion a re de ri ved and co mpared with co mpute r re s ult s.
Introduction
Thi s paper deals with th e feasibility of a num eri cal study of hi gher ha rmoni c excita tion of the non-line ar Vlasov plasma by two counterstreaming electron bea ms. In sec tion 1 it is s hown that an electron beam with a hi gh degree of collimation in velocity s pace can co uple to th e phase velocity of one of the highe r harmoni cs. Th e co uplin g s hould provid e prefe re ntial excitation of the harmoni c. The collimation is ac hie ve d by expressin g the velocity di stribution fun ction in the form exp [-(v ± a)2/2E] with E bein g th e collimation parameter that de termines th e halfwidth of th e velocity di s tribution curve. The di stribution fun ction is ex pand ed in Cram-Charlier series and the expansion coe ffi cie nts are derived in section 2. Th e necessar y tran sforma tion s of He rmite polynomials are given in the paper " T e mperature Renormalization in th e Non-Linear Vlasov Problem," imm ediately precedin g thi s paper. In sec tion 3 are di sc usse d co nve rge nce properties of th e Gram-Charlier expa nsion and a crite rion is give n that allows one to calculate an upper bound on the number of te rms necessary to re pres e nt th e initial di stribution fun ction to th e desired degree of accuracy.
Comparison of analytic results with those obtained on the co mputer are di sc us sed in the appendix.
Selective Excitation of Harmonics
Numerical work on the solution of the non-linear Vlasov equation by the method of eigenfunction expansion performed by one of the authors [1] 1 brought out so me interesting facts associated with the non-lin ear c haracter of the equation. One of these is that the ratio of plasma frequ e nc ies of successive harmoni cs is not an integer. For example for k = 0.5 (1.1) where k is the wave number of the fundamental, k = 27T/L. The phase velocity of a standing wave in a plasma is given by The difference in phase velocities is Llv = 0.19. This fact suggests the possibility of a computer study of selective excitation of harmonics by two counterstreaming beams of electrons traveling through the plasma. The electron beams must be sufficiently well collimated in velocity space so as to couple to the desired harmonic. The amount of trapping as a function of the distance from the phase velocity was given by J. Dawson [4] . The functional dependence is rather complicated and will not be given here. It is simpler to use numerical results to examine the possibility of selective excitation of harmonics. Figure 1 shows f( v) that satisfies the non-linear Vlasov equation 2 for k = 0.5, a = 0.1 at the dimensionless time t = 32.
The amplitude of the second harmonic was at all times at least an order of magnitude less than that of the fundamental. The width of the shoulder as can be seen from the insert in figure 1 is about 1.54, with the phase velocities of the fundamental and the second harmonic located on this shoulder. Thus if an electron beam with a velocity distribution with a halfwidth of the order of separation of the two phase velocities were centered on the phase velocity of the second harmonic, the interaction of the second harmonic with the electron beam would excite this harmonic. The effect of the beam on the fundamental would be much less pronounced because of the lower density at the phase velocity of the fundamental.
Since the initial distribution function [1] was chosen to be Maxwellian , a natural choice for the two-stream distribution function is also a Maxwellian plus a combination of Maxwellians centered at a and -a. (Llv)2 = 1. 2E
The individual components of the two-stream distribution functions are expressed in the form 
Expansion Coefficients for the Two-Stream Problem
We want to express one of the side peaks of the two-stream velocity distribution function of eq (L5) in the following form:
=g(v)e 2 (2.1)
Coefficients for the other side peak can be obtained immediately by subs tituting a for -a, as can be eas ily seen by co mparing eqs TR (1.14)3 and TR (LIS). The expansion coefficients, Cn, are given by the integral:
Substituting the expression for g( v) from eq 1 (2.1) , we obtain
_00 00
e--2-·-Hell(v)dv. 27Tn!
Let us now make the transformation
v-a v= V;'
This leads to the integral n. V l -E (2.9)
S ince Hermite polynomials with odd indi ces are odd functions, eq (2.9) reduces to its final form
Convergence Properties of the Expansion
In num e rical work it is de sirable to truncate the expa nsion after the s mallest number of terms for a given trun cation error. Usin g th e asymptotic form for He rmite polynomials [6] (see TR appendix I for th e di sc ussio n)
wh e re N= 2n+ 1. For large n, we obtain the asymptotic ex pression for
n.
lC-t a 2 P(n+ 1) e 4 4(1 -E) --, ----
'f2(tn + 1)
with C" defi ned by eq (2 .6).
In the above expression the term O(n -I / 2 ) has been neglected and cos (NI /2 -h-~ n17) has bee n replaced by unity. Using the well·known relation between th e f·function and the factorial l'(z+l) = z! we obtain the asymptotic expansion for the terms in e q (2.10)
wh e re K=4+ 4(1-E)' Using Stirling's formula for the factorials, we finally get:
The asymptotic expressio n for C2"He211 in eq (3.5) tends monotoni cally to zero with increasing 11. This can be s hown easily by taking the 10garithm 'ofCzIIHez" Let us now find the truncation error introduced into the function by neglecting all the terms in eq (2.10) past the term He2N. This error can be represented in the form:
where Expressing all He2N +2+P ' p=O to 00 in their asymptotic form we see that since l-E < 1, the geometric progression in eq (3.8) can be summed and we finally obtain a bound on the truncation error The inequality in eq (3.9) makes it possibl e to calculate N for a given trun cation error. This is useful in re prese ntin g the initial two· stream di s tribution fun c tion in the Vlasov eq uation . Figure 2 gives the numb er of terms in the expans io n of the ex pression give n in eq (2. 10) as a [un ct ion of E for a = 2.0 and v = 3.0 for a trun cation error of Rn < 10 -5 5 (see a ppendix). A rrraph of the numb er of term s obtained on th e co mpute r is includ ed for compari so n. Th e values of N for E = 0.9 and 0.8 do not li e on the c urve, which is not urpri s in g since the asymptotic expression for Hen is not very accurate for N ~ 10. As N increases the points form a c urv e whi c h bounds from above th e co mputed c urve. This again is not surpri s in g, sin ce th e approx im a tion s mad e in eqs (3.2) and (3 .8) made the trun catio n e rror somew ha t bigger than it actually is.
Appendix,
A computer program was written in Fortran to calculate the terms of the expansion off(v, t = 0) of eq (2.10). The He 2n(V) and C2n were calculated recursively. Scaled polynomials , He 2n, were used to stay within the range of the co mputer in single precision.
-1
He2n(V) = , ~ He2n(V )
A partial s um , P", of the firs t n terms was formed and more term s we re added until the relative error ratio test of eq (A.2) was satisfied for one hundred s uccessive terms.
(A.2)
Using eqs (2.10), (3.5), (3.9), and (A.2), the relation of this ratio test to the truncation error is give n by eq. (A.3).
wh ere () fe v2/2 5=--
andf is the un ·norm alized function calc ulated on the computer. Figure 2 contains the co mputer res ults for v = 3. 0 , a = 2.0 and a co mparison analytic curve based on eq (A.3). Other values of the parameters investigated on th e computer were E= 1.00,0.30,0.10,0.07,0.03,0.01 a= 1.00, 2.00, 3. 00, 4.00, 5.00 v= 0.00 to 6.00 in intervals of 0.25 y= 0.1. 
